We obtain the time delay between the arrival time of the A and B images of the QSO 0957+561. The results of applying two di erent methods (the discrete cross{correlation function and the dispersion estimation technique) to the observed light curves of the A and B images are presented. The adopted value (time delay) is of BA = 424 3 days (1 ).
Introduction
The modern era in the investigation of gravitational lenses started in the earliest sixties, with several papers in which this phenomenon was analyzed. A critical advance in the development of this eld was due to Refsdal (1964) , who showed that the Hubble constant could be obtained by measuring the di erences in the travel time between two images from a distant variable object. After that, the discovery of the rst gravitational lens candidate, the quasar 0957+561 (Walsh et al. 1979) , raised the interest of both theoretical and observational astrophysicists. The system consists of a pair of images, separated by 6: 00 1, of a quasar (z = 1:41) lensed by a giant elliptical galaxy and a cluster of galaxies (z = 0:36).
Nowadays, there is a great controversy regarding the value of H 0 motivated by the present uncertainty in the knowledge of cosmic distances. The advantages of the measurements of H 0 from the estimation of the time delay of the multiple{imaged quasars with respect to the conventional methods are that it does not depend on empirical distance estimators and that it is not a ected by peculiar velocities. The main source of error in the determination of H 0 by means of gravitational lenses arises from the uncertainties in the lens mass distribution and in the time delay between the components. Apart from the time delay, other interesting question arising from the comparison of A and B light curves of 0957+561 is the variability due to microlensing. Microlensing events on scales of months o er a proof of the existence of missing mass in the lens galaxy, and has been considered as evidence for a large population of objects with 10 ?5 M (see e.g. Schild 1996) .
Since the discovery of 0957+561, a great deal of e ort to obtain the delay between its two components has been made. Although a continuous monitoring has been performed in the optical and radio bands (see Oscoz et al. 1996 , hereafter Paper I), there are several controversies regarding the value of the time delay. To reduce such uncertainty we recently carried out an optical monitoring in the R band of 0957+561 (Paper I). These data served { 4 { us to obtain the curve for the B component and compare it with the A curve published by Kundi c et al. (1995) in the r and g bands. We present in x2 the results of applying two di erent discrete statistical methods to calculate the delay: the discrete cross{correlation function of both, A and B, light curves (Edelson and Krolik 1988) and the dispersion estimation method (Pelt et al. 1996) . In x3 the possible values of H 0 according to the models by Grogin and Narayan (1996ab) for 0957+561 and other cosmological implications (microlensing) are brie y discussed. Finally, the main results are summarized in x4.
2. Light curves and time delay Kundi c et al. (1995, hereafter K95) performed a six months monitoring of 0957+561 from December 1994 through May 1995, obtaining the light curves for the two components and detecting a sharp drop of 0.1 magnitudes in late December 1994. As image B is delayed in more than a year in relation to image A, those observations o ered a chance to obtain the time delay provided an observational monitoring could be made during 1996. This monitoring was done by us (see Paper I) during the period February{July 1996, showing that our di erential curve for the B component of the double quasar and K95's curves for the A component were homologous. Just a sharp drop similar to the one reported by K95 appeared in February 1996, and this fact leaded us to discard delays larger than 450 days. However, to obtain an accurate value for the time delay useful to compute H 0 , a more rigorous analysis had to be done. This analysis implies the manipulation of two incomplete and irregularly sampled time series. To explore, in some extent, the in uence of the method in the nal result we have followed two alternative approaches: the discrete cross{correlation function and the dispersion spectra method. The advantage arising from both methods is that no arti cial data is required, i.e., no interpolation is made so that to obtain the delay we use just the observational data.
{ 5 { 2.1. Time delay inferred from the discrete cross-correlation function Edelson and Krolik (1988, hereafter EK) introduced a method to measure correlations: the discrete correlation function (DCF). This technique is basically valid for uxes, magnitudes or any physical quantity which is observed to vary in time. In this subsection, we assume that the light curve B R traces the variability of B r , i.e., B r = B R + const. Then, in the absence of short time scale microlensing, the simple law B(t) = A(t ? BA ) + l BA holds, where B = B R , A = A r and l BA = const, with A r instrumental magnitudes. Taking into account the previous relationship between A and B, the continuous cross{correlation function will be (see EK) CF AB ( ) = CF AA ( ? BA ). That is to say, the cross{correlation at the time lag should be equal to the autocorrelation (for A) at ? BA . With our B{data and the raw A{data by K95 in mind, this last result is useful to perform a preliminary study of the probable cross{correlation function. At = BA , the relationship CF AB ( BA ) = CF AA (0) = 1 is veri ed. Moreover, if both light curves have a "quasi{sinusoidal" behavior with a period T of about two months (see Fig. 1 in K95 and Fig. 3 in Paper I), then CF AB 1 at = BA nT, n = 1; 2; : : : Unfortunately, some e ects have not been taken into account (e.g., unknown microlensing events), and the cross{correlation at = BA may be somewhat less than 1. On the other hand, fortunately, the light curves are not true sinusoidal ones, and therefore, CF AB ( BA nT) could be very di erent to one. A detailed study of both light curves shows that, with respect to the mean value, the rst peak is rather prominent, while the second peak is less high and the last one is ctitious (as most of its points are located below the mean value). This behavior plays a crucial role in the analysis of the cross{correlation (see below).
By using the trains of observational data one can associate M measured pairs (A i ; B j ) to the bin centered on with a width (see EK), obtaining the DCF AB that appears in Everything indicates that the value of BA must be into the interval 420 ? 430 days, and that the secondary maximum is a consequence of the periodicity (T 2 months) of both light curves. To calculate the time delay and the uncertainty in that estimation we use a Monte Carlo algorithm. A random number generator add a variable to each point of the series A i and B j to simulate the e ects of the observational errors (see Efron and Tibshirany 1986) obtaining standard bootstrap samples. We apply the DCF AB formula with = 5 days to the resulting bootstrap samples to get the time delay (lag at which the DCF AB is maximum) in each case. We repeat this process a number of times large enough (2000) to treat the results statistically. The sets of delays so obtained can be used to get the mean delay and the error bars, obtaining BA = 427 7 days (1 ).
An interesting thing to be emphasized is the anticorrelation obtained for = 520 ? 540 days (a very prominent negative peak at the end of Fig. 1 ). When moving forward the light curve B in 540 days, its ending part (last ctitious peak) overlaps temporally with the beginning of the light curve A ( rst prominent peak). So, the products (A i ? < A >) (B j ? < B >) must be mostly negative for the bin associated to the lag of = 540 days. The DCF AB is in clear disagreement with a BA near 540 days.
Leh ar et al. (1992) obtained a DCF ab for 0957+561 by using radio uxes. They studied the discrete correlation function in bins of width = 1 month (their data set indicates that the separation between consecutive observations is of about 1 month). With this small time { 7 { resolution a wide maximum is derived, with positive signal and amplitude 0:5, into the interval = 0:7 ? 2 years. By means of a parabolic t, Leh ar et al. deduced an absolute maximum with amplitude of 0:6 in = 1:4 years, and concluded that BA 500. However, it seems that the variations in the radio band are slow (that is why they can be detected with monthly observations), and this is a serious handicap to determine the delay with the required accuracy and to solve the ambiguity in the range 1{2 years.
Time delay inferred from the dispersion spectra method
In this subsection we will apply the statistical method developed by Pelt et al. (1996) to obtain the delay. The g and r instrumental magnitudes of the A component corresponding to the data of K95 were transformed into R magnitudes using the equation by Kent (1985) A R = A r ? 0:153061 A g ? A r ] + m, where A are instrumental magnitudes and m is a constant to make the mean value of A R equal to that of B R . Then, we incorporate a small color e ect in the change from r to R (image A), and A = A R and B = B R . If q(t) denotes the inherent variability of the quasar and A (t) and B (t) are unknown errors, then 
where W k = W k;k+1 = (W k W k+1 )=(W k + W k+1 ) are the statistical weights of the combined light curve data, and G k = 1 when C k+1 and C k come from di erent curves and 0 otherwise.
The resulting dispersion spectrum when applying this formula to real data is shown in Fig 2. As the light curves for both components present a certain periodicity (a maximum appears every two months), we observe in Fig. 2 several minima (300, 360, 420 and 480 days). The absolute minimum correspond to the best value for BA ( 421 days). D 2 2 can be improved by introducing a certain threshold ( ) in the time separation between points C k+1 and C k , to avoid strong contributions from points widely separated in time, obtaining a new dispersion spectrum (D 2 3 , see Pelt et al. 1996) . With our data, a below 2 days would be inconsistent, as the t between both curves would be done with too few points, and a over 10 days can lead, even for values of close to the true delay, to the correspondence of a peak with a minimum, giving place to a large arti cial dispersion. The resulting curves for D 2 3 are shown in Fig. 3a , with the main minimum at = 421 days. A last modi cation in the formula for the dispersion spectrum is needed to avoid strong noise: 
where W n;m and G n;m include this time not strictly neighboring pairs. Eq. (2) can lead to two di erent approximations, depending on the de nition of S (k) n;m . The rst one, S (1) n;m = 1 if jt n ?t m j and 0 otherwise, gives the curves plotted in Fig. 3b , where the minima oscillate between 422 and 423 days with varying between 2 and 10 days. This approximation smoothes the dispersion spectrum, discarding several relative minima and emphasizing the main one. The second de nition, S (2) n;m = 1 ? jt n ? t m j= if jt n ? t m j and 0 otherwise, gives linearly decreasing weights to the pairs with longer distances between observations. The dispersion spectrum so obtained, Fig. 3c , is smoother than the preceding one. The values for the time delay are in the range 422 ? 423 days, in close agreement with the value given by Pelt et al. (1996) with the same method and very di erent collections of data.
To calculate the uncertainty in our estimation of the delay we use again a Monte Carlo algorithm. The method used is similar to that of Sect. 2.1, using the dispersion formula (2) { 9 { with S (2) n;m and = 10 days. We obtain BA = 423 4 days (1 ). As this estimate agrees, within uncertainties, with the one derived from the discrete cross{correlation technique (427 7 days) we adopt as time delay the weighted mean: 424 3 days.
Cosmological implications: Hubble constant and microlensing
To determine H 0 from a multiple lensed quasar, the time delay between the images and the mass distribution of the lens object need to be known. When dealing with 0957+561 the most important gravitational e ect is due to a giant elliptical galaxy at z = 0:36 placed into a cluster of galaxies. This multiple de ector makes the development of a model describing rightly the behavior of the lens system a fairly complex work. We will use the models by Grogin and Narayan (1996ab, hereafter GN) , where the galaxy is represented as either a softened power{law sphere or a King pro le plus a point{mass at the center (a picture also employed by Falco et al. 1991) . On the other hand, the galaxy cluster surrounding the galaxy is represented by means of a quadratic potential described by a convergence and a shear with position angle . The authors also assume a at universe without cosmological constant.
As it is known (see, e.g., GN) there is a degeneracy in the parameter . All observable are invariant, except the time delay, which scales as (1 ? ). This implies a change in the derived Hubble constant: H 0 ! H 0 (1 ? ). However, a measurement of gal , the one{dimensional velocity dispersion of the galaxy, allows to eliminate the cluster degeneracy (see Falco et al. 1991 and GN) . From their model based in a softened power{law sphere, GN obtained: H 0 = (85 +10 ?13 )( gal =312 km s ?1 ) 2 (1:1yr= BA ) km s ?1 Mpc ?1 . Taking into account the adopted time delay and the measurement by Falco et al. (1996) Advised (Rudy Schild, private communication) on the possibility of a 40 days microlensing event taking place around JD 2450150{2450170, we attempted a detailed comparative analysis of the brightness of the A and B light curves. We observe a good agreement between the 1995 and 1996 trends and we have not found evidences of the above quoted microlensing event (see Fig. 4 ).
Summary
The observations of the gravitational lens system 0957+561 A,B during 1995 and 1996 have given fairly continuous light curves for both components (Kundi c et al 1995, Oscoz et al. 1996) . We apply two di erent discrete methods (no arti cial data is required) to obtain information on the time delay. The value of the delay obtained by means of the the discrete cross{correlation function method is 427 7 days (1 ), while the dispersion estimation technique gives 423 4 days (1 ). We adopt as time delay the weighted mean: 424 3 days (1 ). By using this delay, the relations by Grogin and Narayan (1996) and the velocity dispersion of the lens galaxy by Falco et al. (1996) , we derive H 0 = 64 +14 ?15 km s ?1 Mpc ?1 (2 ) or H 0 = 66 +15 ?14 km s ?1 Mpc ?1 (2 ), depending on the lens model.
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